ABSTRACT. We discuss the behavior of the minimal eigenvalue λ of the Dirichlet Laplacian in the domain D 1 \D 2 := D (an annulus) where D 1 is a circular disc and D 2 ⊂ D 1 is a smaller circular disc. It is conjectured that the minimal eigenvalue λ has a maximum value when D 2 is a concentric disc. If h is a displacement of the center of the disc D 2 and λ(h) is the corresponding minimal eigenvalue, then dλ(h) dh < 0 so that λ(h) is minimal when ∂D 2 touches ∂D 1 , where ∂D is the boundary of D. Numerical results are given to back the conjecture. Upper and lower bounds are given for λ(h). The above conjecture is proved.
Introduction
Let D 1 be a disc on R 2 , centered at the origin, of radius 1, D 2 ⊂ D 1 be a disc of radius a < 1, the center (h, 0) of which is at the distance h from the origin. Denote by λ(h) the minimal Dirichlet eigenvalue of the Laplacian in the annulus D := D h := D 1 \D 2 .
In this paper the following conjecture is formulated and proved: The following results are given to back this conjecture:
where N is the unit normal to S = S h pointing into the annulus D h , N 1 is the projection of N onto x 1 -axis, u N is the normal derivative of u, and
eigenfunction corresponding to the first eigenvalue λ:
It is argued at the end of Section 2 that
In Lemma 2 below we give upper and lower bounds (1.6) for λ(h). These bounds are practically convenient, especially for small h.
Let D(r) be the disc |x| ≤ r, µ(r) be the first Dirichlet eigenvalue of the Laplacian in D 1 \ D 1 (r). In Section 3 inequality (1.5) is illustrated by the numerical results in D 1 \D(r).
Lemma 2. One has
In section 2 proofs are given and the conjecture is proved.
Proofs.
Proof of Lemma 2. Lemma 2 is an immediate consequence of the variational principle for 
where J 0 and N 0 are the Bessel functions, and c 1 , c 2 are constants. The boundary conditions (2.1) are satisfied if µ = µ(b) > 0 is a positive root of the equation:
The smallest positive root µ = µ(b) of (2.3) is the desired first eigenvalue of the Dirichlet Laplacian in D 1 \D(b). Equation (2.3) can be solved numerically. This makes (1.6) an efficient estimate of λ(h), especially for small h > 0.
Proof of Lemma 1. We use the known technique based on the domain derivative [1] .
It is known that λ(h) is continuously differentiable with respect to h [2] . Letu = 
Multiply (2.4) by u, (1.3) byu, subtract, integrate over D = D h , use Green's formula, and (2.5) and get:
From (2.6) and (1.4) one gets (1.2). Lemma 1 is proved.
It follows from ( Let us prove that the above argument is indeed valid. What we wish to prove is the inequality for the normal derivative u N mentioned above.
The following argument completes the proof of the Conjecture (C). This argument was communicated to AGR by Professor M.Ashbaugh. Consider the reflection of the part of the domain which is situated to the right of the vertical line passing through the center of the smaller disc with respect to this line. Let D h denote the domain symmetric with respect to this line ℓ and v denote the function equal to u to the right of ℓ, and equal to w to the left of ℓ. Here w(x, y) = u(x, −y), where the y-axis is the line ℓ. By the maximum principle one has u > v on the part of the boundary of D h which lies to the left of ℓ and, by the Hopf lemma (strong maximum principle), it follows that u N > v N on this part of the boundary of D h . This is the desired inequality since v = u to the right of ℓ.
Numerical Results
We use a finite element method to calculate u In all the cases above, u 2 N increases in value as φ increases from zero to π, thereby confirming thatλ < 0 (see formula (2.6)). From the above tables we also note that for fixed a, λ(h) is a decreasing function of h, and that λ(h) < λ(0) for h > 0 thus confirming the Conjecture C.
